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Significance of studying palindromes

@ Combinatorics on words — a branch of mathematics having a
very wide scope of applications.
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Significance of studying palindromes

@ Combinatorics on words — a branch of mathematics having a
very wide scope of applications.
@ A major role of palindromes in the study of Sturmian words.

e A. de Luca, Sturmian words: structure, combinatorics, and
their arithmetics, Theoret. Comput. Sci. 183 (1997), 45-82.

e X. Droubay & G. Pirillo, Palindromes and Sturmian words,
Theoret. Comput. Sci. 223 (1999), 73-85.
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Significance of studying palindromes

@ Combinatorics on words — a branch of mathematics having a
very wide scope of applications.

@ A major role of palindromes in the study of Sturmian words.

e A. de Luca, Sturmian words: structure, combinatorics, and
their arithmetics, Theoret. Comput. Sci. 183 (1997), 45-82.

e X. Droubay & G. Pirillo, Palindromes and Sturmian words,
Theoret. Comput. Sci. 223 (1999), 73-85.

@ Applications of Sturmian words in number theory, routing
optimization, computer graphics and image processing,
pattern recognition and more.

o J.-P. Allouche & J. Shallit, Automatic Sequences. Theory,
Applications, Generalizations, Cambridge University Press,
Cambridge, 2003, Chapter 9.
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Further applications of palindromes in:
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Significance of studying palindromes

Further applications of palindromes in:

@ quantum physics;
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@ A. Hof & O. Knill & B. Simon, Singular continuous spectrum for palindromic Schrédinger

operators, Comm. Math. Phys. 174 (1995), 149-159.

@ M. Baake, A note on palindromicity, Lett. Math. Phys. 49 (1999), 217-227.
@ D. Damanik & J.-M. Ghez & L. Raymond, A palindromic half-line criterion for absence of
eigenvalues and applications to substitution Hamiltonians, Ann. Henri Poincaré 2 (2001), 927-939.
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@ quantum physics;
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@ A. Hof & O. Knill & B. Simon, Singular continuous spectrum for palindromic Schrédinger

operators, Comm. Math. Phys. 174 (1995), 149-159.

@ M. Baake, A note on palindromicity, Lett. Math. Phys. 49 (1999), 217-227.
@ D. Damanik & J.-M. Ghez & L. Raymond, A palindromic half-line criterion for absence of
eigenvalues and applications to substitution Hamiltonians, Ann. Henri Poincaré 2 (2001), 927-939.

@ molecular biology;

References
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@ D. Nolan & T. Speed, Stat Labs. Mathematical Statistics Through Applications, Springer, Berlin,

2000, Chapter 4.

@ M.-Y. Leung & K. P. Choi & A. Xia & L. H. Y. Chen, Nonrandom clusters of palindromes in

herpesvirus genomes, J. Computational Biology 12 (2005), 331-354.
@ L. Kari & K. Mahalingam, Watson-Crick palindromes in DNA computing, Nat. Comput. 9 (2010),

297-316.
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Significance of studying palindromes

Further applications of palindromes in:

@ quantum physics;

@ A. Hof & O. Knill & B. Simon, Singular continuous spectrum for palindromic Schrédinger
operators, Comm. Math. Phys. 174 (1995), 149-159.

@ M. Baake, A note on palindromicity, Lett. Math. Phys. 49 (1999), 217-227.

@ D. Damanik & J.-M. Ghez & L. Raymond, A palindromic half-line criterion for absence of
eigenvalues and applications to substitution Hamiltonians, Ann. Henri Poincaré 2 (2001), 927-939.

@ molecular biology;

@ D. Nolan & T. Speed, Stat Labs. Mathematical Statistics Through Applications, Springer, Berlin,
2000, Chapter 4.

@ M.-Y. Leung & K. P. Choi & A. Xia & L. H. Y. Chen, Nonrandom clusters of palindromes in
herpesvirus genomes, J. Computational Biology 12 (2005), 331-354.

@ L. Kari & K. Mahalingam, Watson-Crick palindromes in DNA computing, Nat. Comput. 9 (2010),
297-316.

@ music theory.

@ T. Noll, Sturmian sequences and morphisms. A music-theoretical application, in A. Yves (ed.),
Mathématique et musique, Journée annuelle de la Société Mathématique de France, 2008, pp.
79-102.

@ D. Clampitt & T. Noll, Regions and standard modes, in E. Chew & A. Childs & C.-H. Chuan
(eds.), Mathematics and Computation in Music. Proceedings of the Second International
Conference (MCM 2009), Springer, Berlin, 2009, pp. 81-92.

@ N. Carey, On a class of locally symmetric sequences: The right infinite word Ag, in C. Agon & M.
Andreatta & G. Assayag & E. Amiot & J. Bresson & J. Mandereau (eds.), Mathematics and
Computation in Music. Proceedings of the Third International Conference (MCM 2011), Springer,
Berlin, 2011, pp. 42-55.
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Significance of studying palindromes

@ Thus, a more detailed knowledge about the behavior of
palindromes is of a growing importance.
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Significance of studying palindromes

@ Thus, a more detailed knowledge about the behavior of
palindromes is of a growing importance.
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@ One of the questions arising is determining which of two given

words (not necessarily palindromes) is “more palindromic”

than the other one, that is, defining a measure for the degree

of “palindromicity” of a word.
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Significance of studying palindromes

@ Thus, a more detailed knowledge about the behavior of
palindromes is of a growing importance.

@ One of the questions arising is determining which of two given
words (not necessarily palindromes) is “more palindromic”
than the other one, that is, defining a measure for the degree
of “palindromicity” of a word.

o Clearly, different approaches can be imagined, depending on
the interpretation of “more palindromic,” and various such
measures have been defined in the literature.
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Significance of studying palindromes

@ Thus, a more detailed knowledge about the behavior of
palindromes is of a growing importance.

@ One of the questions arising is determining which of two given
words (not necessarily palindromes) is “more palindromic”
than the other one, that is, defining a measure for the degree
of “palindromicity” of a word.

o Clearly, different approaches can be imagined, depending on
the interpretation of “more palindromic,” and various such
measures have been defined in the literature.

@ In this talk we present some of our results concerning two
such measures.
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Palindromic defect — definition

Theorem (Droubay & Justin & Pirillo, 2001)

For any finite word w we have:
|Pal(w)| < |w|+ 1.
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Palindromic defect — definition

Theorem (Droubay & Justin & Pirillo, 2001)

For any finite word w we have:
|Pal(w)| < |w|+ 1.

Definition (Brlek et al., 2004)

Palindromic defect (or only defect) of a finite word w is the difference:
D(w) = |w| + 1 — |Pal(w)].

\
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Palindromic defect — definition

Theorem (Droubay & Justin & Pirillo, 2001)

For any finite word w we have:
|Pal(w)| < |w|+ 1.

Definition (Brlek et al., 2004)

Palindromic defect (or only defect) of a finite word w is the difference:
D(w) = |w| + 1 — |Pal(w)].

A\

Let w € X" and v € Fact(w). Then D(v) < D(w).
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Palindromic defect — definition

Theorem (Droubay & Justin & Pirillo, 2001)

For any finite word w we have:
|Pal(w)| < |w| + 1.

Definition (Brlek et al., 2004)

Palindromic defect (or only defect) of a finite word w is the difference:
D(w) = |w| + 1 — |Pal(w)].

Let w € X* and v € Fact(w). Then D(v) < D(w).

Definition

For an infinite word w, its defect is defined by:
D(w) = sup D(v).

vEFact(w)
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Words of finite defect

@ Words of defect 0 are called full or rich, and there are many results
about them in the literature.
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Words of finite defect

@ Words of defect 0 are called full or rich, and there are many results
about them in the literature.

@ However, infinite words of finite positive defect have been studied
significantly less.



Introduction Defect — history Defect — recent results MP-ratio — history MP-ratio — recent results References
o000 0®0000 00000 000 0000000000000 o

Words of finite defect

@ Words of defect 0 are called full or rich, and there are many results
about them in the literature.

@ However, infinite words of finite positive defect have been studied
significantly less.

@ One of the reasons for that is the fact that explicit constructions of
such words (maybe with some additional constraints, such as
aperiodicity, since periodic words are more-or-less straightforward to
analyze) are somewhat deficient in the literature.
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of finite defect

Words of defect 0 are called full or rich, and there are many results
about them in the literature.

However, infinite words of finite positive defect have been studied
significantly less.

One of the reasons for that is the fact that explicit constructions of
such words (maybe with some additional constraints, such as
aperiodicity, since periodic words are more-or-less straightforward to
analyze) are somewhat deficient in the literature.

For example, aperiodic words of finite positive defect, having the set
of factors closed under reversal, had been deemed interesting from
the point of view of some (then open) conjectures, but examples of
such words were missing.
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < oo;
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)

Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)

Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)

Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).

1213
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)

Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).

1213
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)
Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).

1213 1213 23
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)
Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).

1213121323
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)
Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).

1213 1213 23 1213 121323 23
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)
Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).

1213121323121312132323
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)
Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).

1213 1213 23 1213 1213 23 23 1213 1213 23 1213 121323 23 23
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)

Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let

u=p>=(1).
u=12131213231213121323231213121323121312132323231213121323.. ..
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)

Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let

u=p>=(1).
u=12131213231213121323231213121323121312132323231213121323.. ..

Then:
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)

Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let

u=p>=(1).
u=12131213231213121323231213121323121312132323231213121323.. ..

Then:
@ Fact(u) is closed under reversal and contains infinitely many palindromes;
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)

Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let

u=p>=(1).
u=12131213231213121323231213121323121312132323231213121323.. ..

Then:
@ Fact(u) is closed under reversal and contains infinitely many palindromes;

@ D(u) < oo;
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)

Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let

u=p>=(1).
u=12131213231213121323231213121323121312132323231213121323.. ..

Then:
@ Fact(u) is closed under reversal and contains infinitely many palindromes;

@ D(u) < oo;
@ the word u does not satisfy the condition (b).
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)

Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let

u=p>=(1).
u=12131213231213121323231213121323121312132323231213121323.. ..

Then:
@ Fact(u) is closed under reversal and contains infinitely many palindromes;

@ D(u) < oo;
@ the word u does not satisfy the condition (b).
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)
Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).

u=12131213231 13121323231213121323121312132323231213121323.. ..

Then:
@ Fact(u) is closed under reversal and contains infinitely many palindromes;

@ D(u) < oo;
@ the word u does not satisfy the condition (b).
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)
Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).

u=12131213231 13121323231213121323121312132323231213121323.. ..

Then:
@ Fact(u) is closed under reversal and contains infinitely many palindromes;

@ D(u) < oo;
@ the word u does not satisfy the condition (b).
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)
Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).

u=12131213231 13121323231 13121323121312132323231213121323...

Then:
@ Fact(u) is closed under reversal and contains infinitely many palindromes;

@ D(u) < oo;
@ the word u does not satisfy the condition (b).
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)
Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).

u=12131213231 13121323231 13121323121312132323231213121323...

Then:
@ Fact(u) is closed under reversal and contains infinitely many palindromes;

@ D(u) < oo;
@ the word u does not satisfy the condition (b).
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A curious infinite word

@ For a period of time, the following two conditions were believed to be
equivalent for any infinite word u having the set of factors closed under
reversal and containing infinitely many palindromes:

(a) D(u) < o0
(b) there exists H € Ny such that the longest palindromic suffix of any
v € Fact(u), of length |v| > H, occurs in v exactly once.

Claim (B., 2012)
Let a morphism ¢ be defined by: ¢(1) = 1213, ¢(2) = ¢, ¢(3) = 23. Let
u=p>=(1).

u=12131213231 13121323231 13121323121312132323231 13121323...

Then:
@ Fact(u) is closed under reversal and contains infinitely many palindromes;

@ D(u) < oo;
@ the word u does not satisfy the condition (b).




Q>
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Uniformly recurrent words of finite defect

@ Some results and examples for uniformly recurrent words of
finite (positive) defects appeared in the literature (Glen et al.,
2009; Balkova & Pelantovd & Starosta, 2011; Bucci & Vaslet,
2012)
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Uniformly recurrent words of finite defect

@ Some results and examples for uniformly recurrent words of
finite (positive) defects appeared in the literature (Glen et al.,
2009; Balkova & Pelantovd & Starosta, 2011; Bucci & Vaslet,
2012), however:
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Uniformly recurrent words of finite defect

@ Some results and examples for uniformly recurrent words of
finite (positive) defects appeared in the literature (Glen et al.,
2009; Balkova & Pelantovd & Starosta, 2011; Bucci & Vaslet,
2012), however:

Theorem (Pelantova & Starosta, 2012)

Any uniformly recurrent word of finite defect is a morphic image of
some word of zero defect.
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Uniformly recurrent words of finite defect

@ Some results and examples for uniformly recurrent words of
finite (positive) defects appeared in the literature (Glen et al.,
2009; Balkova & Pelantovd & Starosta, 2011; Bucci & Vaslet,
2012), however:

Theorem (Pelantova & Starosta, 2012)

Any uniformly recurrent word of finite defect is a morphic image of
some word of zero defect.

@ This suggests that uniformly recurrent words are in a way
pretty “tame,” and that those that are not uniformly recurrent
are less explored territory that deserves a closer look.
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Uniformly recurrent words of finite defect

@ Some results and examples for uniformly recurrent words of
finite (positive) defects appeared in the literature (Glen et al.,
2009; Balkova & Pelantovd & Starosta, 2011; Bucci & Vaslet,
2012), however:

Theorem (Pelantova & Starosta, 2012)

Any uniformly recurrent word of finite defect is a morphic image of
some word of zero defect.

@ This suggests that uniformly recurrent words are in a way
pretty “tame,” and that those that are not uniformly recurrent
are less explored territory that deserves a closer look. One
such word has been seen on the previous slide, and for a while
it was the only known example (to the best of our knowledge).



Q>
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

—

_ i
Wi = Wj_1C W;_1.
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

. j——
Wi = Wj_1C W;_1.

Finally, let
hpw(w) = lim w;.
1—00
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

. j——
Wi = Wj_1C W;_1.

Finally, let
hpw(w) = lim w;.
1—00

We call hpw(w) the highly potential word generated by w.




Introduction Defect — history Defect — recent results MP-ratio — history MP-ratio — recent results References
o000 0000e0 00000 000 0000000000000 o

Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

. j——
Wi = Wj_1C W;_1.

Finally, let
hpw(w) = lim w;.
1—00

We call hpw(w) the highly potential word generated by w.
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

. j——
Wi = Wj_1C W;_1.

Finally, let
hpw(w) = lim w;.
1—00

We call hpw(w) the highly potential word generated by w.

hpw(ab) =
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

. j——
Wi = Wj_1C W;_1.

Finally, let
hpw(w) = lim w;.
1—00

We call hpw(w) the highly potential word generated by w.

hpw(ab) = ab
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

. j——
Wi = Wj_1C W;_1.

Finally, let
hpw(w) = lim w;.
1—00

We call hpw(w) the highly potential word generated by w.

hpw(ab) = abc
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

. j——
Wi = Wj_1C W;_1.

Finally, let
hpw(w) = lim w;.
1—00

We call hpw(w) the highly potential word generated by w.

hpw(ab) = abcba
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

. j——
Wi = Wj_1C W;_1.

Finally, let
hpw(w) = lim w;.
1—00

We call hpw(w) the highly potential word generated by w.

hpw(ab) = abcbacc
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

. j——
Wi = Wj_1C W;_1.

Finally, let
hpw(w) = lim w;.
1—00

We call hpw(w) the highly potential word generated by w.

hpw(ab) = abcbaccabcba
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

. j——
Wi = Wj_1C W;_1.

Finally, let
hpw(w) = lim w;.
1—00

We call hpw(w) the highly potential word generated by w.

hpw(ab) = abcbaccabcbaccc
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

. j——
Wi = Wj_1C W;_1.

Finally, let
hpw(w) = lim w;.
1—00

We call hpw(w) the highly potential word generated by w.

hpw(ab) = abcbaccabcbacccabecbaccabceba
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Highly potential words — construction

Definition (B., 2013)

Let w be a finite word that is not a palindrome, and let ¢ be a
letter that does not occur in w. Define wy = w and, for i € N,

. j——
Wi = Wj_1C W;_1.

Finally, let
hpw(w) = lim w;.
1—00

We call hpw(w) the highly potential word generated by w.

hpw(ab) = abcbaccabcbacccabcbaccabceba. . .




Highly potential words — some interesting properties

DA
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;

b) hpw(w) is recurrent;
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;
b) hpw(w) is recurrent;

c) hpw(w) is not uniformly recurrent;
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;

b) hpw(w) is recurrent;

c) hpw(w) is not uniformly recurrent;
) hpw(

d) hpw(w) is aperiodic;
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;

b) hpw(w) is recurrent;

c) hpw(w) is not uniformly recurrent;

d) hpw(w) is aperiodic;

)
)
)
) D(hpw(w)) = D(w) + 1; in particular,

0 < D(hpw(w)) < oo.

e
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;
hpw(w) is recurrent;
hpw(w) is not uniformly recurrent;
hpw(w) is aperiodic;
D(hpw(w)) = D(w) + 1, in particular,
0 < D(hpw(w)) < oo.

@ Those words seem to be a useful supply of examples and
counterexamples for various problems on words, which explains their
name.
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;
) hpw(w) is recurrent;
) hpw(w) is not uniformly recurrent;
d) hpw(w) is aperiodic;
) D(hpw(w)) = D(w) + 1; in particular,
0 < D(hpw(w)) < oo.

@ Those words seem to be a useful supply of examples and
counterexamples for various problems on words, which explains their
name. (For example, each highly potential word is a counterexample
for the equivalence from three slides ago.)
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;
) hpw(w) is recurrent;
) hpw(w) is not uniformly recurrent;
d) hpw(w) is aperiodic;
) D(hpw(w)) = D(w) + 1; in particular,
0 < D(hpw(w)) < oo.

@ Those words seem to be a useful supply of examples and
counterexamples for various problems on words, which explains their
name. (For example, each highly potential word is a counterexample
for the equivalence from three slides ago.)

abcbaccabcbacccabecbaccabecbaccccabecbaccabecbacccabebacca. . .
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;
) hpw(w) is recurrent;
) hpw(w) is not uniformly recurrent;
d) hpw(w) is aperiodic;
) D(hpw(w)) = D(w) + 1; in particular,
0 < D(hpw(w)) < oo.

@ Those words seem to be a useful supply of examples and
counterexamples for various problems on words, which explains their
name. (For example, each highly potential word is a counterexample
for the equivalence from three slides ago.)

abcbaccabcbacccabecbaccabecbaccccabecbaccabecbacccabebacca. . .
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;
) hpw(w) is recurrent;
) hpw(w) is not uniformly recurrent;
d) hpw(w) is aperiodic;
) D(hpw(w)) = D(w) + 1; in particular,
0 < D(hpw(w)) < oo.

@ Those words seem to be a useful supply of examples and
counterexamples for various problems on words, which explains their
name. (For example, each highly potential word is a counterexample
for the equivalence from three slides ago.)

abcbaccab bacccabcbaccabcbaccccabecbaccabecbacccabebacca. . .
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;
) hpw(w) is recurrent;
) hpw(w) is not uniformly recurrent;
d) hpw(w) is aperiodic;
) D(hpw(w)) = D(w) + 1; in particular,
0 < D(hpw(w)) < oo.

@ Those words seem to be a useful supply of examples and
counterexamples for various problems on words, which explains their
name. (For example, each highly potential word is a counterexample
for the equivalence from three slides ago.)

abcbaccab bacccabcbaccabcbaccccabecbaccabecbacccabebacca. . .
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;
) hpw(w) is recurrent;
) hpw(w) is not uniformly recurrent;
d) hpw(w) is aperiodic;
) D(hpw(w)) = D(w) + 1; in particular,
0 < D(hpw(w)) < oo.

@ Those words seem to be a useful supply of examples and
counterexamples for various problems on words, which explains their
name. (For example, each highly potential word is a counterexample
for the equivalence from three slides ago.)

abcbaccab bacccab baccabcbaccccabcbaccabecbacccabebacca. . .
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;
) hpw(w) is recurrent;
) hpw(w) is not uniformly recurrent;
d) hpw(w) is aperiodic;
) D(hpw(w)) = D(w) + 1; in particular,
0 < D(hpw(w)) < oo.

@ Those words seem to be a useful supply of examples and
counterexamples for various problems on words, which explains their
name. (For example, each highly potential word is a counterexample
for the equivalence from three slides ago.)

abcbaccab bacccab baccabcbaccccabcbaccabcbacccabebacca. . .
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Highly potential words — some interesting properties

Theorem (B., 2013)
Let hpw(w) be a highly potential word. Then:

a) Fact(hpw(w)) is closed under reversal;
) hpw(w) is recurrent;
) hpw(w) is not uniformly recurrent;
d) hpw(w) is aperiodic;
) D(hpw(w)) = D(w) + 1; in particular,
0 < D(hpw(w)) < oo.

@ Those words seem to be a useful supply of examples and
counterexamples for various problems on words, which explains their
name. (For example, each highly potential word is a counterexample
for the equivalence from three slides ago.)

abcbaccab bacccab baccabcbaccccab baccabcbacccabebacca. . .
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Generalized highly potential words — construction

Definition (joint work with Hatko and Mitrovi¢, 2021)

Let w,u,v € ¥*, where wuv # ¢ and u and v are palindromes, and let
A = (a;)ien be a strictly increasing sequence of positive integers. We
recursively define:

wo = w;
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Generalized highly potential words — construction

Definition (joint work with Hatko and Mitrovi¢, 2021)

Let w,u,v € ¥*, where wuv # ¢ and u and v are palindromes, and let
A = (a;)ien be a strictly increasing sequence of positive integers. We
recursively define:

wo = w;

w; = W,-_l(uv)a"uv/v,-\_/l, i €N;
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Generalized highly potential words — construction

Definition (joint work with Hatko and Mitrovi¢, 2021)

Let w,u,v € ¥*, where wuv # ¢ and u and v are palindromes, and let
A = (a;)ien be a strictly increasing sequence of positive integers. We
recursively define:

wo = w;

w; = wi—1(uv)?uw; 1, (€N,
and then:

ghpw(w, u,v,A) = lim w;.
1— 00
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Generalized highly potential words — construction

Definition (joint work with Hatko and Mitrovi¢, 2021)

Let w,u,v € ¥*, where wuv # ¢ and u and v are palindromes, and let
A = (a;)ien be a strictly increasing sequence of positive integers. We
recursively define:

wo = w;

w; = W,-_l(uv)a"uv/v,-\_/l, i €N;

and then:
ghpw(w, u,v,A) = lim w;.
1— 00
The infinite word ghpw(w, u, v, A) is called generalized highly potential
word generated by w, u, v and A.
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Generalized highly potential words — construction

Definition (joint work with Hatko and Mitrovi¢, 2021)

Let w,u,v € ¥*, where wuv # ¢ and u and v are palindromes, and let
A = (a;)ien be a strictly increasing sequence of positive integers. We
recursively define:
Wo = W,
w; = W,-_l(uv)a"uv/v,-\_/l, i €N;
and then:
ghpw(w, u,v,A) = lim w;.
1— 00
The infinite word ghpw(w, u, v, A) is called generalized highly potential
word generated by w, u, v and A.

_
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Generalized highly potential words — construction

Definition (joint work with Hatko and Mitrovi¢, 2021)

Let w,u,v € ¥*, where wuv # ¢ and u and v are palindromes, and let
A = (a;)ien be a strictly increasing sequence of positive integers. We
recursively define:

wo = w;

w; = W,-_l(uv)a"uv/v,-\_/l, i €N;

and then:
ghpw(w, u,v,A) = lim w;.
1— 00
The infinite word ghpw(w, u, v, A) is called generalized highly potential
word generated by w, u, v and A.

ghpw(ab, 1,22, (2i)ien) =
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Generalized highly potential words — construction

Definition (joint work with Hatko and Mitrovi¢, 2021)

Let w,u,v € ¥*, where wuv # ¢ and u and v are palindromes, and let
A = (a;)ien be a strictly increasing sequence of positive integers. We
recursively define:

wo = w;

w; = W,-_l(uv)a"uv/v,-\_/l, i €N;

and then:
ghpw(w, u,v,A) = lim w;.
1— 00
The infinite word ghpw(w, u, v, A) is called generalized highly potential
word generated by w, u, v and A.

ghpw(ab, 1,22, (2i)icn) = ab
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Generalized highly potential words — construction

Definition (joint work with Hatko and Mitrovi¢, 2021)

Let w,u,v € ¥*, where wuv # ¢ and u and v are palindromes, and let
A = (a;)ien be a strictly increasing sequence of positive integers. We
recursively define:

wo = w;

w; = W,-_l(uv)a"uv/v,-\_/l, i €N;

and then:
ghpw(w, u,v,A) = lim w;.
1— 00
The infinite word ghpw(w, u, v, A) is called generalized highly potential
word generated by w, u, v and A.

ghpw(ab, 1,22, (2i);cn) = ab1221221
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Generalized highly potential words — construction

Definition (joint work with Hatko and Mitrovi¢, 2021)

Let w,u,v € ¥*, where wuv # ¢ and u and v are palindromes, and let
A = (a;)ien be a strictly increasing sequence of positive integers. We
recursively define:

wo = w;

w; = W,-_l(uv)a"uv/v,-\_/l, i €N;

and then:
ghpw(w, u,v,A) = lim w;.
1— 00
The infinite word ghpw(w, u, v, A) is called generalized highly potential
word generated by w, u, v and A.

ghpw(ab, 1,22, (2i);cn) = ab1221221ba
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Generalized highly potential words — construction

Definition (joint work with Hatko and Mitrovi¢, 2021)

Let w,u,v € ¥*, where wuv # ¢ and u and v are palindromes, and let
A = (a;)ien be a strictly increasing sequence of positive integers. We
recursively define:

wo = w;

w; = W,-_l(uv)a"uv/v,-\_/l, i €N;

and then:
ghpw(w, u,v,A) = lim w;.
1— 00
The infinite word ghpw(w, u, v, A) is called generalized highly potential
word generated by w, u, v and A.

ghpw(ab, 1,22, (2i)icn) = ab1221221ba1221221221221




Introduction Defect — history Defect — recent results MP-ratio — history MP-ratio — recent results References
000 000000 ©0000 000 00000000000000000 o

Generalized highly potential words — construction

Definition (joint work with Hatko and Mitrovi¢, 2021)

Let w,u,v € ¥*, where wuv # ¢ and u and v are palindromes, and let
A = (a;)ien be a strictly increasing sequence of positive integers. We
recursively define:

wo = w;

w; = W,-_l(uv)a"uv/v,-\_/l, i €N;

and then:
ghpw(w, u,v,A) = lim w;.
1— 00
The infinite word ghpw(w, u, v, A) is called generalized highly potential
word generated by w, u, v and A.

ghpw(ab, 1,22, (2i);en) = ab1221221bal221221221221ab1221221ba
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Generalized highly potential words — construction

Definition (joint work with Hatko and Mitrovi¢, 2021)

Let w,u,v € ¥*, where wuv # ¢ and u and v are palindromes, and let
A = (a;)ien be a strictly increasing sequence of positive integers. We
recursively define:

wo = w;

w; = W,-_l(uv)a"uv/v,-\_/l, i €N;

and then:
ghpw(w, u,v,A) = lim w;.
1— 00
The infinite word ghpw(w, u, v, A) is called generalized highly potential
word generated by w, u, v and A.

ghpw(ab, 1,22, (2i);en) = abl221221bal221221221221ab1221221ba. ..
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Generalized highly potential words — some special cases

e Generalized highly potential words contain (as special cases)
both highly potential words and “a curious infinite word":
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Generalized highly potential words — some special cases

e Generalized highly potential words contain (as special cases)
both highly potential words and “a curious infinite word":

o ghpw(w,e,c, 1) = hpw(w);
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Generalized highly potential words — some special cases

e Generalized highly potential words contain (as special cases)
both highly potential words and “a curious infinite word":
o ghpw(w,e,c, 1) = hpw(w);
o ghpw(1213121,3,2,/) — “a curious infinite word".
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Generalized highly potential words — some special cases

e Generalized highly potential words contain (as special cases)
both highly potential words and “a curious infinite word":
o ghpw(w,e,c, 1) = hpw(w);
o ghpw(1213121,3,2, /) — “a curious infinite word” .
@ In Glen et al. (2009), the authors show the existence of rich
infinite words that are recurrent but not uniformly recurrent,
by providing three examples:
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Generalized highly potential words — some special cases

e Generalized highly potential words contain (as special cases)

both highly potential words and “a curious infinite word":
o ghpw(w,e,c, 1) = hpw(w);
o ghpw(1213121,3,2,/) — “a curious infinite word".

@ In Glen et al. (2009), the authors show the existence of rich
infinite words that are recurrent but not uniformly recurrent,
by providing three examples:

o the (well-known) Cantor word (also known as the Sierpifiski
word): ©°°(a) where ¢ : a — aba, b — bbb
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Generalized highly potential words — some special cases

e Generalized highly potential words contain (as special cases)
both highly potential words and “a curious infinite word":
o ghpw(w,e,c, 1) = hpw(w);
o ghpw(1213121,3,2,/) — “a curious infinite word".
@ In Glen et al. (2009), the authors show the existence of rich
infinite words that are recurrent but not uniformly recurrent,
by providing three examples:

o the (well-known) Cantor word (also known as the Sierpifiski
word): ¢©>°(a) where ¢ : a > aba, b+ bbb

o ©>°(a) where ¢ : a+ aba, b — bb (taken from Bucci et al.,
2009)
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Generalized highly potential words — some special cases

e Generalized highly potential words contain (as special cases)

both highly potential words and “a curious infinite word":
o ghpw(w,e,c, 1) = hpw(w);
o ghpw(1213121,3,2,/) — “a curious infinite word".

@ In Glen et al. (2009), the authors show the existence of rich
infinite words that are recurrent but not uniformly recurrent,
by providing three examples:

o the (well-known) Cantor word (also known as the Sierpifiski
word): ©°°(a) where ¢ : a — aba, b — bbb

o ©>°(a) where ¢ : a+ aba, b — bb (taken from Bucci et al.,
2009)
o ©>°(a) where ¢ : a+> abab, b— b
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Generalized highly potential words — some special cases

e Generalized highly potential words contain (as special cases)
both highly potential words and “a curious infinite word":

o ghpw(w,e,c, 1) = hpw(w);

o ghpw(1213121,3,2,/) — “a curious infinite word".

@ In Glen et al. (2009), the authors show the existence of rich
infinite words that are recurrent but not uniformly recurrent,
by providing three examples:

o the (well-known) Cantor word (also known as the Sierpifiski
word): ©°°(a) where ¢ : a — aba, b — bbb, which is
ghpw(a, e, b, (3" 1)ien);

e ©°°(a) where ¢ : a+ aba, b — bb (taken from Bucci et al.,
2009)

o ©>°(a) where ¢ : a+> abab, b— b
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Generalized highly potential words — some special cases

e Generalized highly potential words contain (as special cases)
both highly potential words and “a curious infinite word":

o ghpw(w,e,c, 1) = hpw(w);

o ghpw(1213121,3,2, /) — “a curious infinite word” .

@ In Glen et al. (2009), the authors show the existence of rich
infinite words that are recurrent but not uniformly recurrent,
by providing three examples:

o the (well-known) Cantor word (also known as the Sierpifiski
word): ©°°(a) where ¢ : a — aba, b — bbb, which is
ghpw(a, e, b, (3" 1)ien);

e ©°°(a) where ¢ : a+ aba, b — bb (taken from Bucci et al.,
2009), which is ghpw(a, e, b, (27 1) ien);

o ©>°(a) where ¢ : a+> abab, b— b
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Generalized highly potential words — some special cases

e Generalized highly potential words contain (as special cases)
both highly potential words and “a curious infinite word":

o ghpw(w,e,c, 1) = hpw(w);

o ghpw(1213121,3,2, /) — “a curious infinite word” .

@ In Glen et al. (2009), the authors show the existence of rich
infinite words that are recurrent but not uniformly recurrent,
by providing three examples:

o the (well-known) Cantor word (also known as the Sierpifiski
word): ©°°(a) where ¢ : a — aba, b — bbb, which is
ghpw(a, e, b, (3" 1)ien);

e ©°°(a) where ¢ : a+ aba, b — bb (taken from Bucci et al.,
2009), which is ghpw(a, e, b, (27 1) ien);

e ©°°(a) where o : a+> abab, b — b, which is ghpw(a, e, b, /).
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Generalized highly potential words — some special cases

e Generalized highly potential words contain (as special cases)
both highly potential words and “a curious infinite word":

o ghpw(w,e,c, 1) = hpw(w);

o ghpw(1213121,3,2,/) — “a curious infinite word".

@ In Glen et al. (2009), the authors show the existence of rich
infinite words that are recurrent but not uniformly recurrent,
by providing three examples:

o the (well-known) Cantor word (also known as the Sierpifiski
word): ©°°(a) where ¢ : a — aba, b — bbb, which is
ghpw(a, e, b, (3 1)jen);

e ©°°(a) where ¢ : a+ aba, b — bb (taken from Bucci et al.,
2009), which is ghpw(a, e, b, (27 1) ien);

e ©°°(a) where o : a+> abab, b — b, which is ghpw(a, e, b, /).

@ We believe that all this suggests that this new construction
extends the class of highly potential words in a fairly
noteworthy way.



Generalized highly potential words — basic properties
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Generalized highly potential words — basic properties

@ If a quadruple (w, u, v, A) is such that w is a palindrome and uv is
primitive, we shall say that ghpw(w, u, v, A) is in standard form.
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Generalized highly potential words — basic properties

@ If a quadruple (w, u, v, A) is such that w is a palindrome and uv is
primitive, we shall say that ghpw(w, u, v, A) is in standard form.

@ Each generalized highly potential word can be presented in standard
form.
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Generalized highly potential words — basic properties

@ If a quadruple (w, u, v, A) is such that w is a palindrome and uv is
primitive, we shall say that ghpw(w, u, v, A) is in standard form.

@ Each generalized highly potential word can be presented in standard
form.

Let ghpw(w, u, v, A) be a generalized highly potential word. Then:
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Generalized highly potential words — basic properties

@ If a quadruple (w, u, v, A) is such that w is a palindrome and uv is
primitive, we shall say that ghpw(w, u, v, A) is in standard form.

@ Each generalized highly potential word can be presented in standard
form.

Let ghpw(w, u, v, A) be a generalized highly potential word. Then:

a) Fact(ghpw(w, u, v, A)) is closed under reversal;
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Generalized highly potential words — basic properties

@ If a quadruple (w, u, v, A) is such that w is a palindrome and uv is
primitive, we shall say that ghpw(w, u, v, A) is in standard form.

@ Each generalized highly potential word can be presented in standard
form.

Let ghpw(w, u, v, A) be a generalized highly potential word. Then:

a) Fact(ghpw(w, u, v, A)) is closed under reversal;

b) ghpw(w, u, v, A) is recurrent;
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Generalized highly potential words — basic properties

@ If a quadruple (w, u, v, A) is such that w is a palindrome and uv is
primitive, we shall say that ghpw(w, u, v, A) is in standard form.

@ Each generalized highly potential word can be presented in standard
form.

Let ghpw(w, u, v, A) be a generalized highly potential word. Then:

a) Fact(ghpw(w, u, v, A)) is closed under reversal;
b) ghpw(w, u, v, A) is recurrent;

c) e ifghpw(w,u,v,A) is in standard form, then it is periodic if
and only if either w = (vu)™v for a nonnegative integer m, or
exactly one of the words w, u and v is nonempty;




Introduction Defect — history Defect — recent results MP-ratio — history MP-ratio — recent results References
000 000000 00®00 000 00000000000000000 o

Generalized highly potential words — basic properties

@ If a quadruple (w, u, v, A) is such that w is a palindrome and uv is
primitive, we shall say that ghpw(w, u, v, A) is in standard form.

@ Each generalized highly potential word can be presented in standard
form.

Let ghpw(w, u, v, A) be a generalized highly potential word. Then:

a) Fact(ghpw(w, u, v, A)) is closed under reversal;
b) ghpw(w, u, v, A) is recurrent;

c) e ifghpw(w,u,v,A) is in standard form, then it is periodic if
and only if either w = (vu)™v for a nonnegative integer m, or
exactly one of the words w, u and v is nonempty;

o if ghpw(w, u, v, A) is not periodic, then it is aperiodic and not
uniformly recurrent.




Q>
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Generalized highly potential words — defect

Let a nonperiodic ghpw(w, u, v, A) be given in standard form, where
vu ¢ Pref(wuv). Then there exists a positive integer i such that:
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Generalized highly potential words — defect

Let a nonperiodic ghpw(w, u, v, A) be given in standard form, where
vu ¢ Pref(wuv). Then there exists a positive integer i such that:

1) |Wi|(uv)a"u =1
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Generalized highly potential words — defect

Let a nonperiodic ghpw(w, u, v, A) be given in standard form, where
vu ¢ Pref(wuv). Then there exists a positive integer i such that:

D) Wilwyru =1 2) [Wina|lw, = 2;
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Generalized highly potential words — defect

Let a nonperiodic ghpw(w, u, v, A) be given in standard form, where
vu ¢ Pref(wuv). Then there exists a positive integer i such that:

D wilwyre =1 2) Winalw, =27 3) [Wisa| a1, = 2+ 2|wil (yyyoa-1y-
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Generalized highly potential words — defect

Lemma

Let a nonperiodic ghpw(w, u, v, A) be given in standard form, where
vu ¢ Pref(wuv). Then there exists a positive integer i such that:

D wilwyre =1 2) Winalw, =27 3) [Wisa| a1, = 2+ 2|wil (yyyoa-1y-

Theorem

| \

a) Given a nonperiodic ghpw(w, u, v, A) in standard form, we have:

A
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Generalized highly potential words — defect

Lemma

Let a nonperiodic ghpw(w, u, v, A) be given in standard form, where
vu ¢ Pref(wuv). Then there exists a positive integer i such that:

1) Wilyiu =1, 2) [Witalw, =27 3) [Wia|(yyyma-1y = 24 2|wilypym-1,,-

Theorem

| \

a) Given a nonperiodic ghpw(w, u, v, A) in standard form, we have:

1° If vu ¢ Pref(wuv), we choose the smallest integer i that satisfies 1), 2)
and 3) from the lemma above; then D(ghpw(w, u, v, A)) = D(wit1).

A
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Generalized highly potential words — defect

Lemma

Let a nonperiodic ghpw(w, u, v, A) be given in standard form, where
vu ¢ Pref(wuv). Then there exists a positive integer i such that:

1) Wilyiu =1, 2) [Witalw, =27 3) [Wia|(yyyma-1y = 24 2|wilypym-1,,-

Theorem

| \

a) Given a nonperiodic ghpw(w, u, v, A) in standard form, we have:

1° If vu ¢ Pref(wuv), we choose the smallest integer i that satisfies 1), 2)
and 3) from the lemma above; then D(ghpw(w, u, v, A)) = D(wit1).

2° If vu € Pref(wuv), we choose w’, u’, v/, A’ in a particular manner, with
v'u' ¢ Pref(w'u’v'); then D(ghpw(w, u, v, A)) = D(ghpw(w’, ', v’ A")).

A
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Generalized highly potential words — defect

Lemma

Let a nonperiodic ghpw(w, u, v, A) be given in standard form, where
vu ¢ Pref(wuv). Then there exists a positive integer i such that:

1) Wilyiu =1, 2) [Witalw, =27 3) [Wia|(yyyma-1y = 24 2|wilypym-1,,-

Theorem

| \

a) Given a nonperiodic ghpw(w, u, v, A) in standard form, we have:
1° If vu ¢ Pref(wuv), we choose the smallest integer i that satisfies 1), 2)
and 3) from the lemma above; then D(ghpw(w, u, v, A)) = D(wj;1).
2° If vu € Pref(wuv), we choose w’, u’, v/, A’ in a particular manner, with
v'u' ¢ Pref(w'u’v'); then D(ghpw(w, u, v, A)) = D(ghpw(w’, ', v’ A")).
b) If ghpw(w, u, v, A) = p*=°, then D(ghpw(w, u, v, A)) = maxq D(q), where q
ranges through the conjugates of p.

A
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Generalized highly potential words — defect

Lemma

Let a nonperiodic ghpw(w, u, v, A) be given in standard form, where
vu ¢ Pref(wuv). Then there exists a positive integer i such that:

1) Wilyiu =1, 2) [Witalw, =27 3) [Wia|(yyyma-1y = 24 2|wilypym-1,,-

Theorem

| \

a) Given a nonperiodic ghpw(w, u, v, A) in standard form, we have:
1° If vu ¢ Pref(wuv), we choose the smallest integer i that satisfies 1), 2)
and 3) from the lemma above; then D(ghpw(w, u, v, A)) = D(wj;1).
2° If vu € Pref(wuv), we choose w’, u’, v/, A’ in a particular manner, with
v'u' ¢ Pref(w'u’v'); then D(ghpw(w, u, v, A)) = D(ghpw(w’, ', v’ A")).
b) If ghpw(w, u, v, A) = p*=°, then D(ghpw(w, u, v, A)) = maxq D(q), where q
ranges through the conjugates of p.

A

@ In particular, this gives a characterization of generalized highly potential
words of (non)zero defect.



Generalized highly potential words of positive defect
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Generalized highly potential words of positive defect

@ It is not hard to construct a ghpw of positive defect:
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Generalized highly potential words of positive defect

@ It is not hard to construct a ghpw of positive defect:

° D(W/U/V) > 0 = D(ghpw(w, u,v,A)) > 0;

References
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Generalized highly potential words of positive defect

@ It is not hard to construct a ghpw of positive defect:
° D(W/U/v) > 0 = D(ghpw(w, u,v,A)) > 0;

@ D(w)= D(u) = D(v) =0 and (D(wu) > 0 or D(uv) > 0) =
D(ghpw(w, u, v, A)) > 0.

References
o
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Generalized highly potential words of positive defect

@ It is not hard to construct a ghpw of positive defect:

D(W/u/v) > 0 = D(ghpw(w, u, v,A)) > 0;
D(w) = D(u) = D(v) =0 and (D(wu) > 0 or D(uv) > 0) =
D(ghpw(w, u, v, A)) > 0.

°
°
@ In general, if w, u, v are rich words such that some two of them cannot

be factors of the same rich word, then D(ghpw(w, u, v, A)) > 0. (This is
shown to be decidable by Rukavicka, 2019.)
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Generalized highly potential words of positive defect

@ It is not hard to construct a ghpw of positive defect:
° D(W/u/v) > 0 = D(ghpw(w, u,v,A)) > 0;
@ D(w) = D(u) = D(v) =0 and (D(wu) > 0 or D(uv) > 0) =
D(ghpw(w, u, v, A)) > 0.

@ In general, if w, u, v are rich words such that some two of them cannot
be factors of the same rich word, then D(ghpw(w, u, v, A)) > 0. (This is
shown to be decidable by Rukavicka, 2019.)

@ A necessary condition (Bucci et al., 2010): no two different factors of a
rich word can have the same longest palindromic prefix as well as the
same longest palindromic suffix.
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Generalized highly potential words of positive defect

@ It is not hard to construct a ghpw of positive defect:
° D(W/u/v) > 0 = D(ghpw(w, u,v,A)) > 0;

@ D(w)= D(u) = D(v) =0 and (D(wu) > 0 or D(uv) > 0) =
D(ghpw(w, u, v, A)) > 0.

@ In general, if w, u, v are rich words such that some two of them cannot

References
o

be factors of the same rich word, then D(ghpw(w, u, v, A)) > 0. (This is

shown to be decidable by Rukavicka, 2019.)

@ A necessary condition (Bucci et al., 2010): no two different factors of a

rich word can have the same longest palindromic prefix as well as the

same longest palindromic suffix. (Sidenote: it is an open question by Vesti, 2014, whether

the stated condition is also sufficient; if no two factors of some given words x and y have the same Ipp and

as well as the same Ips, whether that implies that there exists a rich word that has x and y as factors.)
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Generalized highly potential words of positive defect

@ It is not hard to construct a ghpw of positive defect:
° D(W/u/v) > 0 = D(ghpw(w, u,v,A)) > 0;
@ D(w)= D(u) = D(v) =0 and (D(wu) > 0 or D(uv) > 0) =
D(ghpw(w, u, v, A)) > 0.

@ In general, if w, u, v are rich words such that some two of them cannot

References
o

be factors of the same rich word, then D(ghpw(w, u, v, A)) > 0. (This is

shown to be decidable by Rukavicka, 2019.)

@ A necessary condition (Bucci et al., 2010): no two different factors of a

rich word can have the same longest palindromic prefix as well as the

same longest palindromic suffix. (Sidenote: it is an open question by Vesti, 2014, whether

the stated condition is also sufficient; if no two factors of some given words x and y have the same Ipp and

as well as the same Ips, whether that implies that there exists a rich word that has x and y as factors.)

@ Therefore, if the stated condition is violated for any two factors of some

of w, u, v, then D(ghpw(w, u, v, A)) > 0.
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Generalized highly potential words of positive defect

@ It is not hard to construct a ghpw of positive defect:
° D(W/u/v) > 0 = D(ghpw(w, u,v,A)) > 0;

@ D(w)= D(u) = D(v) =0 and (D(wu) > 0 or D(uv) > 0) =
D(ghpw(w, u, v, A)) > 0.

@ In general, if w, u, v are rich words such that some two of them cannot

References
o

be factors of the same rich word, then D(ghpw(w, u, v, A)) > 0. (This is

shown to be decidable by Rukavicka, 2019.)

@ A necessary condition (Bucci et al., 2010): no two different factors of a

rich word can have the same longest palindromic prefix as well as the

same longest palindromic suffix. (Sidenote: it is an open question by Vesti, 2014, whether

the stated condition is also sufficient; if no two factors of some given words x and y have the same Ipp and

as well as the same Ips, whether that implies that there exists a rich word that has x and y as factors.)

@ Therefore, if the stated condition is violated for any two factors of some

of w, u, v, then D(ghpw(w, u, v, A)) > 0.
w = abcba, u=..., v =aca
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Generalized highly potential words of positive defect

@ It is not hard to construct a ghpw of positive defect:
° D(W/u/v) > 0 = D(ghpw(w, u,v,A)) > 0;

@ D(w)= D(u) = D(v) =0 and (D(wu) > 0 or D(uv) > 0) =
D(ghpw(w, u, v, A)) > 0.

@ In general, if w, u, v are rich words such that some two of them cannot

References
o

be factors of the same rich word, then D(ghpw(w, u, v, A)) > 0. (This is

shown to be decidable by Rukavicka, 2019.)

@ A necessary condition (Bucci et al., 2010): no two different factors of a

rich word can have the same longest palindromic prefix as well as the

same longest palindromic suffix. (Sidenote: it is an open question by Vesti, 2014, whether

the stated condition is also sufficient; if no two factors of some given words x and y have the same Ipp and

as well as the same Ips, whether that implies that there exists a rich word that has x and y as factors.)

@ Therefore, if the stated condition is violated for any two factors of some

of w, u, v, then D(ghpw(w, u, v, A)) > 0.
w = abcba, u= ..., v=aca
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Definition of the MP-ratio

@ w — binary word on {0,1};

@ w contains a subpalindrome of length Pvzv‘-‘
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Definition of the MP-ratio

@ w — binary word on {0,1};
@ w contains a subpalindrome of length Pvzv‘-‘

@ w is minimal-palindromic
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Definition of the MP-ratio

@ w — binary word on {0,1};
@ w contains a subpalindrome of length PVQV‘-‘

@ w is minimal-palindromic <+ does not contain a

subpalindrome longer than P2W’-‘ :
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Definition of the MP-ratio

@ w — binary word on {0,1};
@ w contains a subpalindrome of length PVQV‘-‘

@ w is minimal-palindromic <+ does not contain a

subpalindrome longer than P2W’-‘ :

e r,s€{0,1}*, (r,s) is an MP-extension of w
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Definition of the MP-ratio

@ w — binary word on {0,1};
@ w contains a subpalindrome of length PVQV‘-‘

@ w is minimal-palindromic <+ does not contain a

subpalindrome longer than P2W’-‘ :

e r,s €{0,1}*, (r,s) is an MP-extension of w <> rws is
minimal-palindromic;
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Definition of the MP-ratio

@ w — binary word on {0,1};
@ w contains a subpalindrome of length PVQV‘-‘

@ w is minimal-palindromic <+ does not contain a

subpalindrome longer than P2W’-‘ :

r,s € {0,1}*, (r,s) is an MP-extension of w <> rws is
minimal-palindromic;

(r,s) is an SMP-extension
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Definition of the MP-ratio

@ w — binary word on {0,1};
@ w contains a subpalindrome of length PVQV‘-‘

@ w is minimal-palindromic <+ does not contain a

subpalindrome longer than P2W’-‘ :

e r,s €{0,1}*, (r,s) is an MP-extension of w <> rws is
minimal-palindromic;
@ (r,s) is an SMP-extension <> |r| + |s| is the least possible;
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Definition of the MP-ratio

@ w — binary word on {0,1};
@ w contains a subpalindrome of length PVQV‘-‘

@ w is minimal-palindromic <+ does not contain a

subpalindrome longer than P2W’-‘ :

e r,s €{0,1}*, (r,s) is an MP-extension of w <> rws is
minimal-palindromic;
@ (r,s) is an SMP-extension <> |r| + |s| is the least possible;

@ MP-ratio of the word w:
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Definition of the MP-ratio

@ w — binary word on {0,1};
@ w contains a subpalindrome of length PVQV‘-‘

@ w is minimal-palindromic <+ does not contain a

subpalindrome longer than P2W’-‘ :

r,s € {0,1}*, (r,s) is an MP-extension of w <> rws is
minimal-palindromic;

@ (r,s) is an SMP-extension <> |r| + |s| is the least possible;
@ MP-ratio of the word w: |’rvvs\ (r,s) — SMP-extension of w.
%
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Some interesting roles of subpalindromes

Theorem (Holub & Saari, 2009)

Every binary minimal-palindromic word is abelian unbordered.
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Some interesting roles of subpalindromes

Theorem (Holub & Saari, 2009)

Every binary minimal-palindromic word is abelian unbordered.

Theorem (Holub & Saari, 2009)

Every binary word is characterized, up to reversal, by the set of its
subpalindromes.
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The optimal upper bound on the MP-ratio

Theorem (Holub & Saari, 2009)

The MP-ratio of any binary word is at most 4.
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The optimal upper bound on the MP-ratio

Theorem (Holub & Saari, 2009)
The MP-ratio of any binary word is at most 4.

Proof (sketch).
olwltIwli 1 Iwl+wlo
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The optimal upper bound on the MP-ratio

Theorem (Holub & Saari, 2009)
The MP-ratio of any binary word is at most 4.

Proof (sketch).
olwltIwli 1 Iwl+wlo

Theorem (Holub & Saari, 2009)
This upper bound is the best possible.
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Definitions in the n-ary case

@ w — n-ary word on {0,1,...,n—1};

@ w contains a subpalindrome of length PW‘-‘
n
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Definitions in the n-ary case

@ w — n-ary word on {0,1,...,n—1};
@ w contains a subpalindrome of length PW‘-‘
n

@ w is minimal-palindromic
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Definitions in the n-ary case

e w — n-ary word on {0,1,...,n—1};
@ w contains a subpalindrome of length PW‘-‘
n

@ w is minimal-palindromic <+ does not contain a

subpalindrome longer than PW’-‘ ;
n
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Definitions in the n-ary case

e w — n-ary word on {0,1,...,n—1};
@ w contains a subpalindrome of length PW‘-‘
n

@ w is minimal-palindromic <+ does not contain a

subpalindrome longer than PW’-‘ ;
n

r,s €{0,1,...,n—1}* (r,s) is an MP-extension of w +
rws is minimal-palindromic;

(r,s) is an SMP-extension <> |r| + |s]| is the least possible;
@ MP-ratio of the word w: |’rvvs\ (r,s) — SMP-extension of w.
%
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Definitions in the n-ary case

e w — n-ary word on {0,1,...,n—1};
@ w contains a subpalindrome of length PW‘-‘
n

@ w is minimal-palindromic <+ does not contain a

subpalindrome longer than PW’-‘ ;
n

r,s €{0,1,...,n—1}* (r,s) is an MP-extension of w +
rws is minimal-palindromic; — Does it always exist?77?

(r,s) is an SMP-extension <> |r| + |s]| is the least possible;
@ MP-ratio of the word w: |’rvvs\ (r,s) — SMP-extension of w.
%
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Well-definedness for n > 4

Each n-ary word has an MP-extension.
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Well-definedness for n > 4

Each n-ary word has an MP-extension.

Proof (sketch).
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Well-definedness for n > 4

Each n-ary word has an MP-extension.

Proof (sketch). Let w € {0,1,...,n—1}*, n>4.
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Well-definedness for n > 4

Each n-ary word has an MP-extension. \

Proof (sketch). Let w € {0,1,...,n—1}*, n>4.
Let M = 2031 4 2l3]-1_3; exceptionally, if n =4 or n =5, we define
M = 4, respectively M = 8 instead.
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Well-definedness for n > 4

Each n-ary word has an MP-extension. \

Proof (sketch). Let w € {0,1,...,n—1}*, n>4.
Let M = 2031 4 2l3]-1_3; exceptionally, if n =4 or n =5, we define
M = 4, respectively M = 8 instead. Let:

r=001h . (n—2)"2, s=1"22_. (n—1)"",
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Well-definedness for n > 4

Each n-ary word has an MP-extension.

Proof (sketch). Let w € {0,1,...,n—1}*, n>4.
Let M = 2031 4 2l3]-1_3; exceptionally, if n =4 or n =5, we define
M = 4, respectively M = 8 instead. Let:

r=001h . (n—2)"2, s=1"22_. (n—1)"",

where Iy = M|w| — |w|o and

Lo M2l fori=1 (5],
o (2n717i_1)|W|_|W|’,’ fori:(g~|7"'7n_2'

while r,_1 = M|w| — |w|,—1 and

o (2i71)|W|f|W‘,', for{zl,...,[g]fl;
! (M =214 1)|w|, fori=T[5],...,n—2.
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Well-definedness for n > 4

Each n-ary word has an MP-extension.

Proof (sketch). Let w € {0,1,...,n—1}*, n>4.
Let M = 2031 4 2l3]-1_3; exceptionally, if n =4 or n =5, we define
M = 4, respectively M = 8 instead. Let:

r=001" . (n—2)"2 s=1"2" .. (n—1)"",
where Iy = M|w| — |w|o and

Lo M2l fori=1 (5],
o (2n717i_1)|W|_|W|,,’ fori:(g~|7"'7n_2'

while r,_1 = M|w| — |w|,—1 and

o (2i71)|W|f|W‘,', for{zl,...,[g]fl;
! (M =214 1)|w|, fori=T[5],...,n—2.

Then (r,s) is an MP-extension of w. m
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Well-definedness for n > 4

For the 4-ary word 01231 our construction gives the MP-extension
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Well-definedness for n > 4

For the 4-ary word 01231 our construction gives the MP-extension

019 115 24 01231 13 215 319
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An upper bound on the MP-ratio in the n-ary case, n > 4

Let w be an n-ary word for n > 4, and let

4, ifn=4;
M=1< 8, ifn=2>5;
2l31 4 2lz)-1 _ 3 jfn>6.

Then the MP-ratio of w is not greater than nM.
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On optimality

The optimal upper bound on the MP-ratio is not less than 2n.




Introduction Defect — history Defect — recent results MP-ratio — history MP-ratio — recent results References
000 000000 00000 000 0000®000000000000 o

On optimality

The optimal upper bound on the MP-ratio is not less than 2n.

Proof (sketch).
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On optimality

The optimal upper bound on the MP-ratio is not less than 2n.

Proof (sketch).
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On optimality

The optimal upper bound on the MP-ratio is not less than 2n.

Proof (sketch).
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On optimality

The optimal upper bound on the MP-ratio is not less than 2n.

Proof (sketch).

~ 12wl
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On optimality

The optimal upper bound on the MP-ratio is not less than 2n.

Proof (sketch).

| om0 [ xqEw [ 22w [eee | x(n—1)2M |
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On optimality

Now we know that the optimal upper bound on the MP-ratio for
n > 4 is somewhere between

2n and ~ 2gn7

and it remains an open problem to narrow (or even better, close)
this gap.
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Ternary case — the main theorem

The MP-ratio is well-defined in the ternary case, it is bounded
from above by 6 and this upper bound is the best possible.
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Ternary case — the main theorem

The MP-ratio is well-defined in the ternary case, it is bounded
from above by 6 and this upper bound is the best possible.

f(w) = 02IWI=Iwlop2lwl=|wl—g"(w,0.2) ), 28'(w,0.2)12w|=|wh

fl(w) = 12lwl=Iwlipg’ (w,0.2) |\ o2|w|—|wl2—g’(w,0,2))2w|—|wlo
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Ternary case — the main theorem

The MP-ratio is well-defined in the ternary case, it is bounded
from above by 6 and this upper bound is the best possible.

flw) = 02Iwl=Iwlop2|w|—|wla—g'(w,0,2) |, 5g"(w,0,2)12|w|—|w]
fl(w) = 12lwl=Iwlipg’ (w,0.2) |\ o2|w|—|wl2—g’(w,0,2))2w|—|wlo

g'(w, a, b) = max ({2|wl[i, |W|]|a — |wli, |W|”b 1i=1,2,...,j(a,w)} U{0}), where
J(a, w) denotes the position of the last occurence of a in w, and j(a, w) = 0 if a does

not occur in w.
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Ternary case — the main theorem

The MP-ratio is well-defined in the ternary case, it is bounded
from above by 6 and this upper bound is the best possible.

flw) = 02Iwl=Iwlop2|w|—|wla—g'(w,0,2) |, 5g"(w,0,2)12|w|—|w]
fl(w) = 12lwl=Iwlipg’ (w,0.2) |\ o2|w|—|wl2—g’(w,0,2))2w|—|wlo

g'(w, a, b) = max ({2|wl[i, |W|]|a — |wli, |W|”b 1i=1,2,...,j(a,w)} U{0}), where
J(a, w) denotes the position of the last occurence of a in w, and j(a, w) = 0 if a does

not occur in w.

e We prove: Assuming (w.l.o.g.) |wlp < |w|1 < |w|z, at least
one of f(w) and f’(w) is minimal-palindromic.



Introduction Defect — history Defect — recent results MP-ratio — history MP-ratio — recent results References
000 000000 00000 000 00000080000000000 o

Ternary case — the main theorem

The MP-ratio is well-defined in the ternary case, it is bounded
from above by 6 and this upper bound is the best possible.

flw) = 02Iwl=Iwlop2|w|—|wla—g'(w,0,2) |, 5g"(w,0,2)12|w|—|w]
fl(w) = 12lwl=Iwlipg’ (w,0.2) |\ o2|w|—|wl2—g’(w,0,2))2w|—|wlo

g'(w, a, b) = max ({2|wl[i, |W|]|a — |wli, |W|”b 1i=1,2,...,j(a,w)} U{0}), where
J(a, w) denotes the position of the last occurence of a in w, and j(a, w) = 0 if a does

not occur in w.
e We prove: Assuming (w.l.o.g.) |wlp < |w|1 < |w|z, at least
one of f(w) and f’(w) is minimal-palindromic.
@ In other words: At least one of them does not have
subpalindromes whose length exceeds 2|w|.
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Subpalindromes of the form 0p0 and 1pl

f(w) = 021WI=Iwlo2lwl=Iwl2—g"(w,0.2) ), 28'(w,0.2)12w|=|wh

fl(w) = 12lwl=Iwlipg’ (w,0.2) |\ o2|w|—|wl2—g’(w,0,2))2w|—|wlo
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Subpalindromes of the form 0p0 and 1pl

f(w) = 021WI=Iwlo2lwl=Iwl2—g"(w,0.2) ), 28'(w,0.2)12w|=|wh

fl(w) = 12lwl=Iwlipg’ (w,0.2) |\ o2|w|—|wl2—g’(w,0,2))2w|—|wlo

References
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The length of an arbitrary subpalindrome of the form 0pQ in each
of the words f(w) and f'(w) is less than or equal to 2|w|.
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MP-ratio — history MP-ratio — recent results
000 000000 00000
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Subpalindromes of the form 0p0 and 1pl

f(w) = 021WI=Iwlo2lwl=Iwl2—g"(w,0.2) ), 28'(w,0.2)12w|=|wh

fl(w) = 12lwl=Iwlipg’ (w,0.2) |\ o2|w|—|wl2—g’(w,0,2))2w|—|wlo

References
o

The length of an arbitrary subpalindrome of the form 0pQ in each
of the words f(w) and f'(w) is less than or equal to 2|w|.

The length of an arbitrary subpalindrome of the form 1pl in each
of the words f(w) and f'(w) is less than or equal to 2|w|.
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Subpalindromes of the form 2p2 — pt. 1/9

At least one among the words f(w) and f’'(w) does not contain a
subpalindrome of the form 2p2 longer than 2|w/|.
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Subpalindromes of the form 2p2 — pt. 1/9

At least one among the words f(w) and f’'(w) does not contain a
subpalindrome of the form 2p2 longer than 2|w/|.

@ w = tuv, p and g are subpalindromes of tu and uv;
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Subpalindromes of the form 2p2 — pt. 1/9

At least one among the words f(w) and f’'(w) does not contain a
subpalindrome of the form 2p2 longer than 2|w/|.

@ w = tuv, p and g are subpalindromes of tu and uv;
o we need: |p| +2\v]z + [q] + 2] < dlwlz + [why + [wlo;
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Subpalindromes of the form 2p2 — pt. 1/9

At least one among the words f(w) and f’'(w) does not contain a
subpalindrome of the form 2p2 longer than 2|w/|.

@ w = tuv, p and g are subpalindromes of tu and uv;
o we need: |p| +2|v]z + [q| + 2[¢]2 < 4wz + wly + [wlo;
@ w' — 0s+— 1sin w; we prove:
Ip| +2[vl2 + [q] + 2[t] < 4|w'[2 + [w']1;
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Subpalindromes of the form 2p2 — pt. 1/9

At least one among the words f(w) and f’'(w) does not contain a
subpalindrome of the form 2p2 longer than 2|w/|.

@ w = tuv, p and g are subpalindromes of tu and uv;
o we need: p| + 2|V + [q] + 2/¢2 < 4wlz + |wlh + wl;
@ w' — 0s+— 1sin w; we prove:
1P|+ 2[vlz + [q] + 2/t]2 < 4wl + W]
@ suppose the contrary: |p| + 2|v|2 + |q| + 2|t]2 > 4|w'|2 + [W'|1;
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Subpalindromes of the form 2p2 — pt. 1/9

At least one among the words f(w) and f’'(w) does not contain a
subpalindrome of the form 2p2 longer than 2|w/|.

@ w = tuv, p and g are subpalindromes of tu and uv;
we need: [p| +2|v|2 + |q| + 2[t]2 < 4wz + [w]1 + [wlo;
@ w' — 0s+— 1sin w; we prove:

Pl +2|v]2 + |g| + 2[t]> < 4|w'[> + |w'[1;
suppose the contrary: |p| + 2|v|2 + |q| + 2|t|]2 > 4|w'|2 + |W/]1;
Pl + gl > (w1 + 2[w'|2 + 2|ul2 = 2|w'|1 + 2]ul2;
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Subpalindromes of the form 2p2 — pt. 1/9

At least one among the words f(w) and f’'(w) does not contain a
subpalindrome of the form 2p2 longer than 2|w/|.

@ w = tuv, p and g are subpalindromes of tu and uv;
we need: [p| +2|v|2 + |q| + 2[t]2 < 4wz + [w]1 + [wlo;
@ w' — 0s+— 1sin w; we prove:

Pl +2|v]2 + |g| + 2[t]> < 4|w'[> + |w'[1;
suppose the contrary: |p| + 2|v|2 + |q| + 2|t|]2 > 4|w'|2 + |W/]1;
Pl + [g > [w'[1 +2|w'[> + 2|ul> = 2|w'[1 + 2ul2;
uly > |W'l2 + |u2 > [w']2.
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Subpalindromes of the form 2p2 — pt. 1/9

At least one among the words f(w) and f’'(w) does not contain a
subpalindrome of the form 2p2 longer than 2|w/|.

@ w = tuv, p and g are subpalindromes of tu and uv;
we need: [p| +2|v|2 + |q| + 2[t]2 < 4wz + [w]1 + [wlo;
@ w' — 0s+— 1sin w; we prove:

Pl +2|v]2 + |g| + 2[t]> < 4|w'[> + |w'[1;
suppose the contrary: |p| + 2|v|2 + |q| + 2|t|]2 > 4|w'|2 + |W/]1;
Pl + [g > [w'[1 +2|w'[> + 2|ul> = 2|w'[1 + 2ul2;
uly > |W'l2 + |u2 > [w']2.

Let u € {1,2}*, t,v € 2* and let p and q be subpalindromes of tu and
uv, respectively. If |p| + |q| > 2|u

1
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At least one among the words f(w) and f’'(w) does not contain a
subpalindrome of the form 2p2 longer than 2|w/|.

@ w = tuv, p and g are subpalindromes of tu and uv;
we need: [p| +2|v|2 + |q| + 2[t]2 < 4wz + [w]1 + [wlo;
@ w' — 0s+— 1sin w; we prove:

Pl +2|v]2 + |g| + 2[t]> < 4|w'[> + |w'[1;
suppose the contrary: |p| + 2|v|2 + |q| + 2|t|]2 > 4|w'|2 + |W/]1;
Pl + [g > [w'[1 +2|w'[> + 2|ul> = 2|w'[1 + 2ul2;
uly > |W'l2 + |u2 > [w']2.

Let u € {1,2}*, t,v € 2* and let p and q be subpalindromes of tu and

uv, respectively. If |p| + |q| > 2|u|, then
|tv|—1
|tv]

lul; < [tuv]s.
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At least one among the words f(w) and f’'(w) does not contain a
subpalindrome of the form 2p2 longer than 2|w/|.

@ w = tuv, p and g are subpalindromes of tu and uv;
we need: [p| +2|v|2 + |q| + 2[t]2 < 4wz + [w]1 + [wlo;
@ w' — 0s+— 1sin w; we prove:

Pl +2|v]2 + |g| + 2[t]> < 4|w'[> + |w'[1;
suppose the contrary: |p| + 2|v|2 + |q| + 2|t|]2 > 4|w'|2 + |W/]1;
Pl + [g > [w'[1 +2|w'[> + 2|ul> = 2|w'[1 + 2ul2;
uly > |W'l2 + |u2 > [w']2.

Let u € {1,2}*, t,v € 2* and let p and q be subpalindromes of tu and

uv, respectively. If |p| + |q| > 2|u|, then

|tv|—1
|tUV|2.

|tv]

luli <
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Subpalindromes of the form 2p2 — pt. 2/9

Proof of the previous theorem (sketch). We define op : P — P by
op: Ps+— P‘p|,5+1 andog: Q = Qbyog: Qs — Q‘Q‘75+1. Note that
op and oq are bijections and their squares are identical mappings.

For 1 < n < |t] let og(n) = n and

ap(ai(n)), for2|iand oi(n) € P;
oir1(n) =< oq(oi(n)), for2¢tiandoi(n) € Q;
undefined, otherwise.

In a similar manner, for |tu| + 1 < n < [tuv| let oo(n) = n and

og(oi(n)), for2]|iando;i(n) € Q;
oi+1(n) =< op(oi(n)), for2¢tiand oi(n) € P;
undefined, otherwise.
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Subpalindromes of the form 2p2 — pt. 4/9

Lemma

a) For every n,m € Q (respectively, n,m € P), if n < m, then
oq(n) > og(m) (respectively, ap(n) > op(m)).
b) We have oo(n) > oa(n) > 04( )>--- and
o1(n) < o3(n) < os(n) < --- forn > |tu| + 1, and
oo(n) < o2(n) < ga(n) < --- and
o1(n) > o3(n) > o5(n) > --- for n < |t|.
c) For each n such that n < \t! or n > |tu| + 1, there exists
z € N such that o,(n) is the last defined term in the sequence

oo(n),o1(n),o2(n)....
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Subpalindromes of the form 2p2 — pt. 6/9

a) For each n € Q such that op(cq(n)) is defined (that is, cg(n) € P), we have:

n—op(oq(n)) <2(|t) + |v]) = 1 — [, [tuv]ln \ Q| — [[oq(n), [tuv|ln \ Q|
—[[Loq(MIn \ Pl = [1,0p(s0(n)ln \ PI-

b) For each n € Q such that op(oq(n)) is undefined (that is cg(n) ¢ P), we have:

n <2([t] + |v]) + [P] — oq(n) — [[n, [tuviln \ Q] — [[oq(n), [tuv|ln \ Q|-
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Subpalindromes of the form 2p2 — pt. 8/9

Let i, i = 0, be such that 02i42(ng) is defined.
a) For each m, m > |tu| + 1, we have one of the following:
o there exists j such that o2j42(ng) < gj(m) < o2i(no);
o 2| end(m) and oeng(m)(m) > max{o2i(no), o2i11(no)};
° 2 J[ end(m) and aend(m)(m) < min{og,-ﬂ(no),(72,-+2(n0)}.
Also, for each m, m < |t|, we have one of the following:
o there exists j such that o2j42(ng) < gj(m) < o2i(no);
o 2tend(m) and oeng(m)(m) > max{o2i(no), o2i11(no)};
o 2| end(m) and oeng(m)(m) < min{oai11(no), o2i12(Mo)}-
b) To each m, m < |t| or m > |tu| 4+ 1, for which there exists j
described in a) we can assign one such j in such a way that all
the corresponding oj(m) are different.
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