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Palindromic length

The palindromic length pl(u) is the minimal number of concatenated
palindromes needed to express the word u.

abbaba = (abba) (b) (a) = (a) (bb) (aba)

pl(abbaba) = 3

Do we consider a free semigroup or a free group? Or maybe something else?
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Semigroup or group?

abca

In the semigroup: pl(abca) = 4.
In the free group: pl(abca) = 3, since

abca = (aba) (aιaι) (aca).

The difference can be unbounded [Saarela, 17]:

AbcAρ = (a1 · · · an)bc(an · · · a1) = (AbAρ)(AιρAι)(AcAρ).

2n + 2 vs. 3 palindromes
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In the semigroup

Studied since [F., Puzynina, Zamboni, 2013];

can be computed in linear time [Borozdin, Kosolobov, Rubinchik, Shur,
2017];

is unbounded for factors of aperiodic infinite words [Rukavicka, 2026].
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In the free group

Studied since [Bardakov, Shpilrain, Tolstykh, 2005];

unbounded on aba2b2 · · · anbn;

[Saarela 2017]: important examples.
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Story of the problem

[Bardakov, Shpilrain, Tolstykh, 2005]: Is there an algorithm to compute
the group palindromic length?

Around 2018: I learn about the question in a private communication with
Valery Bardakov.

2019: a characterization of words of palindromic length 2 and a
conjecture for the pal. length 3 are given in a Master thesis of my student
M. Bou-Laouz.
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First preprint
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Conjecture deep inside

So, with possible forms of words of palindromic lengths 2 and 3, and with a
particular conjecture on the palindromic length 4, I also stated the following:

V. Diekert, A. F., S. Natterer, A. Thumm Palindromic length and Catalan expressions September 29, 2026 8 / 1



Chronology

My preprint is online since December 12 2025;

January 2026: Volker Diekert offers a collaboration with him, Alex
Thumm and Silas Natterer; I accept.

May-June 2026: we exchange drafts and ideas by mail;

August 2026: Volker and Alex come to Marseille, and we prove several
beautiful results;

September 11: I announce this talk online:
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Surprise!
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State of art

We have more results than one can extract from the title, and more than
what I will announce today;

Our preprint is in preparation;

But it seems that even announcing titles can be risky in the age of AI
(if we consider it as a risk).
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Initial result

Theorem 1
A word is a concatenation of 2 palindromes in the free group if and only if its
reduced form looks like

xp1p2xι

for some (possibly empty) palindromes p1, p2 and a (possibly empty) word x.

=⇒ : xp1p2xι = (xp1xρ) (xιρp2xι).
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Proof (one of the cases)

⇐= : suppose that (xsxρ) · (ytyρ) = xyρ

sxρ = tιyι

s = tιp1p2 or tι = sp1p2

p1p2xρ = yι

y = xιρpι2pι1

yρ = pι1pι2xι

xyρ = xpι1pι2xι
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Three palindromes

Theorem 2 [F., 2025]
A word is a concatenation of 3 palindromes in the free group if and only if its
reduced form looks like

x1x2p1p2xι2p3xρ1

or

x1p1x2p2p3xι2xρ1

for some (possibly empty) palindromes p1, p2, p3 and a (possibly empty)
words x1, x2.

The proof is technical with many cases and subcases.
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Catalan expressions

A P-expression is a word over {p, (, )} with correctly placed parentheses.

(((p(p))pp))()p.

A P-expression is minimal if all parentheses are needed (no ((E)), no (), no
(p)).

(((p(p))pp))()p 7→ ((pp)pp)p.

A P-expression is a Catalan one if it is minimal and contains a maximal
number of parentheses:

((pp)pp)p 7→ (((pp)(pp))p) or ((((pp)p)p)p).
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Catalan expressions

All Catalan expressions can be generated by the context-free grammar

E → (EE)|p .

There are Cn Catalan expressions with n + 1 palindromes,

like ((pp)p) and (p(pp)) for n = 2

and (((pp)p)p), ((pp)(pp)), ((p(pp))p), (p(p(pp))), (p((pp)p)) for
n = 3.
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Decompositions

Let u be a P-expression.
A u-decomposition of a word w ∈ A∗ is a decomposition of w to reduced
factors according to the letters of u as follows:

every factor corresponding a letter p is a palindrome;

the factors corresponding to a pair of parentheses are of the form x and
xα, where

α =

{
ι, if the number of palindromes inside is even,
ρ, if it is odd.

(((pp)p)p) 7→ x1x2x3p1p2xι3p3xρ2p4xι1.
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General result

Theorem
A word is a concatenation of at most n palindromes in the free group if and
only if its reduced form admits a u-decomposition for a P-expression u with n
letters p.

Example

(((pp)p)p) 7→ x1x2x3p1p2xι3p3xρ2p4xι1.

ababbbabbabbabιaabιabbbaι = a · b · ·abbba · bbabb · ·abιaabιa · b · bb · aι
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Idea of the proof

We start from a non-reduced concatenation of n palindromes.

It admits a pp · · · p︸ ︷︷ ︸
n

-decomposition.

Now we consider partial reductions which touch only two symbols of the
P-expression and look how the expression changes:

1 pp → (pp);
2 (pE), (Ep), (E)p, p(E) → (p(E)) | ((E)p);
3 () → ();
4 (E1)(E2), ((E1)E2), (E1(E2)) → ((E1)(E2)).
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Erasing parentheses

Lemma
Let w ∈ A∗ admit a u-decomposition to a P-expression u. Then either w or a
reduction of w admits a decomposition to a minimal P-expression with the
same number of palindromes.

1 ((E)) = xyEyαxα = zEzα → (E) ;
2 (p) = xpxρ → p;
3 () = xxι → ε.
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Adding parentheses

Now we can add parentheses to a minimal P-expression to get a Catalan one.
The images of new parentheses in the reduced word are empty.

a · b · ·abbba · bbabb · ·abιaabιa · b · bb · aι → ((ppp)p) → (((pp)p)p)

So, the theorem holds.
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Polynomial time

Theorem
The free group palindromic length of a given word can be found in polynomial
time.

Idea of the proof: Given a reduced word w of length n, we consider all
possible decompositions

w = xuvxα,

where α is ι or ρ.
There are O(n2) such decompositions.

We have pl(w) ≤ k if and only if there exist u and v with pl(u) = m and
pl(v) = k − m for some m (with the correct correct α).

+ dynamic programming to compute pl of each factor only once. □
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Conclusion

So, we found a beautiful combinatorial description of words with free
group palindromic length ≤ n: they have the structure of a Catalan
expression with n − 1 pairs of parentheses.

My coathors have also other results, more sophisticated and general.

But in the era of AI, we cannot announce them or even give keywords
before the preprint is online.
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